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Chapter

Theory of maxima and minima

The classical theory of maxima and minima provides analytical methods for finding solutions of optimiza-
tion problems involving continuous and differentiable functions and making use of differential calculus.
Applications of these techniques may be limited since many of the practical problems involve functions
that are not continuous or differentiable. But the theory of maxima and minima is the fundamental starting
point for numerical methods of optimization and a basis for advanced topics like calculus of variations or
optimal control.

This chapter presents the necessary and sufficient conditions in locating the optimum solutions for
unconstrained and constrained optimization problems for single-variable functions or multivariable func-
tions.

1.1 Statement of an optimization problem. Terminology
Given a vector of n independent variables:
x= (122 ... Tn)" (1.1)

and a scalar function:
f:R" =R (1.2)

an optimization problem (P) can be formulated as follows:
min f(x) (or max f(x)) (1.3)

subject to:

i=T,m (1.4)
(1.5)

gi(X) =0,
hj(x) <0, j=1,

iS!

The goal of the problem is to find the vector of parameters x which minimizes (or maximizes) a given
scalar function, possibly subject to some restrictions on the allowed parameter values. The function f to
be optimized is termed the objective function; the elements of vector x are the control or decision variables; the
restrictions (1.4) and (1.5) are the equality or inequality constraints.

The value x* of the variable which solves the problem is a minimizer (or maximizer) of function f subject
to the constraints (1.4) and (1.5), and f(x*) is the minimum (or maximum) value of the function subject to
the same constraints.

If the number of constraints m + p is zero, the problem is called an unconstrained optimization problem.
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Chapter 1. Theory of maxima and minima

The admissible set or feasible region of (P), denoted S, is defined as:

S={xeR":gx)=0,h;(x) <0} (1.6)
Example 1.1 Consider the problem:
min (1 —21)% + (1 — z2)? (1.7)
(z1,22)
subject to
T +x9—1 < 0, (18)
x‘f —x9 < 0 (1.9)

Figure 1.1: Feasible region

The function to be minimized is f(x1,22) = (1 — x1)% + (1 — 22)? and the constraint functions: hy(x1,z2) =
x1 + 29 — Land ho(x1,290) = 73 — 22

Figure 1.1 shows the contour plot of the objective function, i.e. the curves in two dimensions on which the value
of the function f(x1,z2) is constant. The feasible region, obtained as the area on which the inequalities (1.8) and (1.9)
hold, is shown in the same figure.

As shown in Figure 1.2, the minimum values of a function f are the maximum of —f. Therefore, the
optimization problems will be stated, in general, as minimization problems. The term extremum includes
both maximum and minimum.

A point x is a global minimum of f(x) if:

f(zo) < f(x), VxS (1.10)
A point z is a strong local minimum if there exists some A > 0, such that:
f(zo) < f(x), when |z —z9| <A (1.11)
A point zg is a weak local minimum if there exists some A > 0, such that:

f(zo) < f(x), when |z —zg| <A (1.12)



1.2. Unconstrained optimization

Figure 1.2: min f(z) = max(—f(x))

A f(X)

X

XL

X

2 X

Figure 1.3: Minimum points. z1: weak local minimum, z: global minimum, z3: strong local minimum

1.2 Unconstrained optimization

1.2.1 Necessary conditions for maxima and minima

The existence of a solution to an optimization problem (P), for a continuous function f, is guaranteed by
the extreme value theorem of Weierstrass, which states:

Theorem 1.1 If a function f(z) is continuous on a closed interval [a,b], then f(x) has both a maximum and a
minimum on [a, b]. If f(z) has an extremum on an open interval (a, b), then the extremum occurs at a critical point,
(Renze and Weisstein, 2004).

A single variable function f(x) has critical points at all points xy, where the first derivative is zero
(f'(zo) = 0), or f(z) is not differentiable.

A function of several variables f(x) has critical points, where the gradient is zero or partial derivatives
are not defined.

In general, a stationary point of a function f(x) is a point for which the gradient vanishes:

Vf(x0) =0 (1.13)

where

T
or 9f of ) (1.14)

Vf(XO):<am 955 " Dm,

A stationary point of a single variable function is a point where the first derivative f(z¢) equals zero.

Example 1.2 Consider the cases in the Figure 1.4.
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A f(X) Af(x)

X

Figure 1.4: Stationary points

a) In Figure 1.4 a) the point x; is the global minimizer.

b) In Figure 1.4 b) there are three stationary points: xo is a global minimizer, x3 - a local maximizer and x4 - a local
minimizer.

¢ In Figure 1.4 c) x5 is a stationary point because the first derivative of f vanishes, but it is not a maximizer nor a
minimizer; xs is an inflection point. For f:[a,b] — R the point x = a is the global minimizer on the interval
[a, b].

The only case, when the minimizer (or maximizer) is not a stationary point, is when the point is one of
the endpoints of the interval [a, b], on which f is defined. That is, any point interior to this interval, that is
a maximum must be a stationary point.

The first-order condition: The necessary condition for a point x to be a minimizer (or a maximizer) of the
function f:|a,b] — Ris: if x € (a,b), then x is a stationary point of f.

Local extrema of a function f: [a, b] — R may occur only at:
e boundaries
e stationary points (the first derivative of f is zero)

In case the function is non-differentiable at some points in [a, b], the function has also extreme values.

For a function of n independent variables f:R"™ — R, the necessary condition for a point xo =
(x1 22 ... mn)T to be an extremum is the gradient equals zero.

For functions of n variables, the stationary points can be: minima, maxima or saddle points.

1.2.2 Sufficient conditions for maxima and minima

Since not all stationary points are necessarily minima or maxima (they can be also inflection or saddle
points) we may be able to determine their character by examining the second derivative of the function at
the stationary point. These sufficient conditions will be developed for single variable functions and then
extended for two or n variables based on the same concepts. The global minimum or maximum has to be
located by comparing all local maxima and minima.

1.2.2.1 Sufficient conditions for single variable functions

Second-order conditions for optimum. Let f be a single variable function with continuous first and second
derivatives, defined on an interval S, f: S — R, and z is a stationary point of f so that f’(z¢) = 0.

The Taylor series expansion about the stationary point xg is one possibility to justify the second-order
conditions:

f(x) = f(xo) + f'(x0)(x — mo) + %f”(wo)(x — $0)2 + higher order terms (1.15)

8



1.2. Unconstrained optimization

For the points z sufficiently close to xy so the higher order terms become negligible compared to the
second-order terms, and knowing the first derivative is zero at a stationary point, the equation (1.15) be-
comes:

£(2) = f(zo) + 5" (o) (& — 70)? (1.16)

Since (z — 70)? is always positive, we can determine whether z( is a local maximum or minimum by
examining the value of the second derivative f”(x):

o If f"(z0) > 0, the term 1 f”(zo)(z — z9)* will add to f (o) in the equation (1.16), so the value of f at
the neighboring points z is greater than f(xo). In this case z is a local minimum.

o If f"(z) < 0, the term 3 f”(20)(z — z9)* will subtract from f(z¢) and the value of f at the neighboring
points x is less than f(zo). In this case zy is a local maximum.

o If f(z9) = 0 it is necessary to examine the higher order derivatives. In general if f"(z¢) = ... =
f#=D(29) = 0, the Taylor series expansion becomes

£(&) = fwo) + 137 (o) — o)t (1.17)

- If kis even, then (z—x)" is positive. Thus, if f(*)(2q) > 0, then f(z¢) is a minimum; if £ (2¢) <
0 then f(x¢) is a maximum (Figure 1.5).

- If k is odd, then (x — x0)* changes sign. It is positive for x > o and negative for = < x.
If %) (zo) > 0, the second term in the equation (1.17) is positive for z > z( and negative for
x < xo. If f(%)(20) < 0, the second term in the equation (1.17) is negative for # > xo and positive
for z < . The stationary point is an inflection point (Figure 1.5).

'y f(x) 'y f()() & f(x}

f(x) < f(xo)
f(xc)

() > f(x) f(xo)

f(xo) f(x) < f(xo)| f0¢) > f(xo)

Y
v
v

Xg X Xo X Xg X
Figure 1.5: Minimum, maximum and inflection points
These results can be summarized in the following rules:

o If f"(x0) < 0, then z¢ is a local maximizer.
o If f"(x¢) > 0, then z is a local minimizer.
o If f"(x0) = ... = f*V(x0) = 0 and:

— If kis even and

x If f (k) (zg) < 0, then z is a local maximizer.
s« If f(R) (zg) > 0, then z is a local minimizer.

- If kis odd, then z is an inflection point.
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Example 1.3 Locate the extreme points of the following function:

5 28
- _ 1.18
) =% -3 (118)
The first derivative is:
flz)=at—2? =22(* - 1) =2%(x — 1)(z + 1) (1.19)
The stationary points are obtained by setting the first derivative equal to zero:
Tl = 1; Ty = —1; T3 = T4 = 0; (120)
The second derivative:
f"(z) = 423 — 2z (1.21)
calculated at points x1 2 3 4 15:
ff)y=2, f'(-1)=-2; f"(0)=0 (1.22)
Because f"(1) > 0 and f"(—1) < 0, the stationary point x1 = 1 is a local minimum and xo = —1 is a local

maximum. Since the second derivative is zero at x3 4 = 0, an analysis of higher order derivatives is necessary. The
third derivative of f:

f"(z) = 122% — 2 (1.23)
is nonzero for x34 = 0. Since the order of the first nonzero derivative is 3, i.e. it is odd, the stationary points
xg = x4 = 0 are inflection points. A plot of the function showing the local minimum, maximum and inflection points
is shown in Figure 1.6.

X°15-x%13

(x)

Figure 1.6: Plot of f(x) = 2°/5 — 23/3

Example 1.4 Consider the function

f(z) =4z — 23/3 (1.24)
Determine the maximum and minimum points in the region:
-3<z<1 (1.25)
Compute the first derivative of f(x) and set it equal to zero:
fllx)y=4—-222=0 (1.26)
The stationary points of the function are x19 = —2 and x99 = 2. Since the variable is constrained by (1.25) and x20
is out of the bounds, we shall analyze the other stationary point and the boundaries. The second derivative:
f(w10) = —2w10 = —2-(-2) =4 >4 (1.27)

is positive at x1¢, thus —2 is a local minimum, as shown in Figure 1.7. According to the theorem of Weierstrass,
the function must have a maximum value in the interval [—3,1]. On the boundaries, the function takes the values:
f(=3) = —3and f(1) = 11/3. Thus, the point x = 1 is the maximizer in [—3, 1].
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1.2. Unconstrained optimization

f(x)
R T S S Y

Figure 1.7: Plot of f(x) = 4z — x3/3

1.2.2.2 Sufficient conditions for two independent variables

Second derivative test
Let f(x1,22) be a two-dimensional function and denote the first-order partial derivatives of f with
respect to 1 and x» by:

Of(x1,22) Of(x1,22)
8331 - facl bl 6.1:2 - fIQ (128)
and the second-order partial derivatives:
of (1, 22) _ o
axzﬁmj - fCL‘Z‘CL‘ja 27] - ]-a 2 (129)

If f(z1,x2) has alocal extremum at a point (z10,220) and has continuous partial derivatives at this point,
then
fa1 (@10, 220) =0, fa, (@10, 220) = 0 (1.30)

The second partial derivatives test classifies the point as a local maximum or local minimum.
Define the second derivative test discriminant as:

Dy = furzs frows = Foyas (1.31)
Then, (Weisstein, 2004)
o If Dy(x10,220) > 0and fy, 2, (10, 220) > 0, the point is a local minimum
o If Dy(x10,220) > 0and fy, 4, (10, 220) < 0, the point is a local maximum
o If Dy(x10,220) < 0, the point is a saddle point
)

o If Dy(x10,x20) = O the test is inconclusive and higher order tests must be used.

Note that the second derivative test discriminant, D, is the determinant of the Hessian matrix:

— fmlxl fﬂﬂlﬂﬂz
Ha = [ fxlxg fxgxz :| (132)

Example 1.5 Locate the stationary points of the function:
f(xy,z0) = 23 — 3 (1.33)
and determine their character.
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Chapter 1. Theory of maxima and minima

The stationary points are computed by setting the gradient equal to zero:

fo, = 221 =0 (1.34)
Jro = —2w2=0 (1.35)

The function has only one stationary point: (x19, x20) = (0, 0). Compute the second derivatives:
fxl:vl — 27 fxlmg - 07 fiEQiEz - _2 (1‘36)

and the determinant of the Hessian matrix is:

= fwlxlfxgitz — 12 =2 (_2) - 02 =—4 < 0 (1.37)
fl‘lJTQ f$2$2

T1T2

According to the second derivative test, the point (0,0) is a saddle point. A mesh and contour plot of the function
is shown in Figure 1.8.

Figure 1.8: Mesh and contour plot of f(z1,z2) = 2} — 3

Example 1.6 Locate the stationary points of the function:

flar,w9) =1 — 27 — 23 (1.38)
and determine their character.
Compute the stationary points from:
Jr, = —21=0 (1.39)
fo, = —222=0 (1.40)

The function has only one stationary point: (x19, x20) = (0,0). The second derivatives are:

le-’ﬂl = _2 < 07 f(ElﬂCQ = 07 f:vzxg - _2 (141)
and the discriminant:

— _ 2 —(_ N _ 2:
Jorzs  fraws = Jorar fraan (=2)-(=2) =07 =4>0 (1.42)

T1T2

Thus, the function has a maximum at (0,0), because fy,,, < 0and Dy > 0. The graph of the function is shown
in Figure 1.9.

12



1.2. Unconstrained optimization

Figure 1.9: Mesh plot of f(z1,z2) =1 — 23 — 23

Example 1.7 Locate the stationary points of the function:

flz1,22) = 2 + 23122 + 25 — 2 (1.43)
and determine their character.
Compute the stationary points from:
Jey = 2w+ 212=0 (1.44)
foo = 2114425 =0 (1.45)

From (1.44) and (1.45):
Tl = —T3, X1 — 21:? =0, or z1(1— \@:L‘l)(l + \@:L‘l) =0

and the stationary points are: (0,0), (1/v/2,—1/v/2) and (—1/+/2,1//2).
The second derivatives are:

f:L'l.’L'l - 27 f(Elxz - 27 fiEQiL’Q — 12'%.% (1‘46)
and the discriminant:
fx xT fx x 2 2 2
Dy = 1 w2 = = 24z5 — 4 1.47
2= | Forme foams || 2 1223 2 (1.47)

e Forxzg =0, Dy =—4 < 0and (0,0) is a saddle point
o Forxy=—1/\/2, Dy =24/2 4 =8> 0and (1/v/2,—1/+/2) is a minimum

o Forxy =1/v/2, Dy =8 > 0and (—1/v/2,1/+/2) is also a minimum

A plot of the function and the contour lines are shown in Figure 1.10.

1.2.2.3 Sufficient conditions for n independent variables

Second derivative test
Let f : R™ — R be a function of n independent variables, and x¢ = [z19 z20 ... xno]T a stationary point.
The Taylor series expansion about xg is:

f(x) = f(x0)+ Vf(x0)"(x —x0)+
+ %(x — x0)THa(x — xg) + higher order terms (1.48)

13
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Figure 1.10: Mesh and contour plot of f(z1,z2) = 23 + 27179 + 75 — 2

where Hj is the Hessian matrix defined by:

fxll‘l frlxz fx1xn
Hy— | fom Jom o fo (1.49)

fxnxl fxnzg cet fﬂ?nl'Q
If x is sufficiently close to xg, the terms containing (z; — z:0)*, k > 2 become very small and higher

order terms can be neglected. The first derivatives of f are zero at a stationary point, thus the relation (1.48)
can be written as:

Fx) = Flx0) + 5 x — x0) Halx — o) (1.50)

The sign of the quadratic form which occurs in (1.50) as the second term in the right hand side will
decide the character of the stationary point xo, in an analog way as for single variable functions.

According to (Hancock, 1960), we can determine weather the quadratic form is positive or negative by
evaluating the signs of the determinants of the upper-left sub-matrices of Hs:

ffl‘lfﬂl fmlﬁz e fo’Z‘i
D1 — fl’gl‘l fl‘QQ}Q “ . f$21’i , ’L — 1’7 (1.51)

fll:iitl fl?ifcz < f.Ti.TQ
e If D;i(xg) > 0, i = 1,n, or Ha is positive definite, the quadratic form is positive and xg is a local
minimizer of f.

e If Di(x0) >0, ¢ =2,4,...and D;(x¢) <0, ¢=1,3,..., or Hj is negative definite, the quadratic form
is negative and xg is a local maximizer of f.

e If H, has both positive and negative eigenvalues, x¢ is a saddle point

e otherwise, the test is inconclusive.

Note that if the hessian matrix is positive semidefinite or negative semidefinite, the test is also inconclusive.

The sufficient conditions presented above are the same as the ones stated for two independent vari-
ables, when n = 2. For example, a stationary point (z19, z20) is a local maximizer of a function f when
fmxl (9310, 5620) = Dl(ﬂjlo, $20) < 0and DQ(Ilo, $20) > 0.

Example 1.8 Compute the stationary points of the function:
f(x1, 9, 23) = 23 — 321 + 23 + 23 (1.52)
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1.3. Constrained optimization

and classify them.
The first derivatives are:
Jor =327 =3, fo, =212, fo, =213 (1.53)

If they are set to zero we obtain two stationary points:

x10=1, w0 =0, 230 =0
x10=—1, 220=0, 230 =0 (1.54)

The second-order derivatives:

f$1$1 = 6z, fxz:m =2, fz34v3 =2, fwlwz = f:v1w3 = f12$3 =0 (1'55)

will form the Hessian matrix:
6z1 0 O
Ho=| 0 2 0 (1.56)
0 0 2
For (1,0,0) the determinants of the upper-left submatrices:
6 0
Di = 6>0, D2_’ 0 o '_12>0,

Dy = =24>0 (1.57)

o O o
N OO

0
2
0

are all positive, so the stationary point is a minimizer of f(x1, x2, x3).
For (—1,0,0) the determinants Dy, Dy, Ds are all negative, as resulted from:

=-12 <0,

D, = —-6<0, Dgz‘_ﬁ g‘

0
—6

0
Dy = 2 =-24<0 (1.58)
0

N OO

0
0
The Hessian matrix is diagonal, the eigenvalues are easily determined as —6, 2, 2. Because they do not have the same
sign and are nonzero (—1,0,0) is a saddle point.

1.3 Constrained optimization

1.3.1 Problem formulation

A typical constrained optimization problem can be formulated as:

min f(x) (1.59)
subject to
9i(x)=0, i=1m (1.60)
hj(x) <0, j=1,p (1.61)
where x is a vector of n independent variables, [z z2 ... mn]T, and f, g; and h; are scalar multivariate
functions.

15



Chapter 1. Theory of maxima and minima

In practical problems, the values of independent variables are often limited since they usually represent
physical quantities. The constraints on the variables can be expressed in the form of equations (1.60) or
inequalities (1.61). A solution of a constrained optimization problem will minimize the objective function
while satisfying the constraints.

In a well formulated problem, the number of equality constraints must be less or equal to the number
of variables, m < n. The constraints (1.60) form a system of m (in general) nonlinear equations with n
variables. When m > n, the problem is overdetermined and the solution may not exist because there are
more equations than variables. If m = n the values of the variables are uniquely determined and there is
no problem of optimization.

At a feasible point x, an inequality constraint is said to be active (or tight) if hj(x) = 0 and inactive (or
loose) if the strict inequality /;(x) < 0 is satisfied.

Example 1.9 Minimize
flar,m9) = af + a3 (1.62)

subject to
g(r1,22) =21+ 2220 4+4=0 (1.63)

The plot of the function and the constraint are illustrated in Figure 1.11, as a 3D surface and contour lines.

Figure 1.11: Mesh and contour plot of f(z1,z2) = 22 + 22 and the constraint 21 + 222 +4 = 0

The purpose now is to minimize the function x3 + x3 subject to the condition that the variables x1 and x lie on
the line x1 + 22 + 4 = 0. Graphically, the minimizer must be located on the curve obtained as the intersection of the
function surface and the vertical plane that passes through the constraint line. In the x1 — xo plane, the minimizer
can be found as the point where the line x1 + 2x2 + 4 = 0 and a level curve of 3 + 3 are tangent.

1.3.2 Handling inequality constraints

Optimization problems with inequality constraints can be converted into equality-constrained problems
and solved using the same approach. In this course, the method of slack variables is presented.
The functions h;(x) from the inequalities (1.61) can be set equal to zero if a positive quantity is added:

hj(x)+s5 =0, j=1p (1.64)

Notice that the slack variables s; are squared to be positive. They are additional variables, so the number of
the unknown variables increases to n + p.
An inequality given in the form:
hi(x) >0, j=Tp (1.65)

can also be turned into an equality if a positive quantity is subtracted from the left hand side:

hj(x)—s7=0, j=T1p (1.66)

16



1.3. Constrained optimization

Example 1.10 Maximize

f(xy,29) = —aF — 23 (1.67)
subject to
T +x39 < 4 (1.68)
The inequality (1.68) is converted into an equality by introducing a slack variable s3:
T +xy—4+52=0 (1.69)

The unknown variables are now: x1, 2 and s1.

1.3.3 Analytical methods for optimization problems with equality constraints. Solution by
substitution

This method can be applied when it is possible to solve the constraint equations for m independent vari-
ables, where the number of constraints is less than the total number of variables m < n. The solution of
the constraint equations is then substituted into the objective function. The new problem will have n — m
unknowns, it will be unconstrained and the techniques for unconstrained optimization can be applied.

Example 1.11 Let w, h, d be the width, height and depth of a box (a rectangular parallelepiped). Find the optimal
shape of the box to maximize the volume, when the sum w + h + d is 120.
The problem can be formulated as:

max whd (1.70)
(w,h,d)
subject to
w+h+d—120=0 (1.71)
We shall solve (1.71) for one of the variables, for example d and then substitute the result into (1.70):
d=120—w—nh (1.72)
The new problem is:
1(fnah>§wh(120 —w —h) (1.73)
Let:
f(w, h) = wh(120 — w — h) = 120wh — w*h — wh? (1.74)
Compute the stationary points from:
% = 120h — 2wh — h? = h(120 — 2w — h) = 0 (1.75)
of  _ 2 _ _
= 120w — w* — 2wh = w(120 — w — 2h) =0 (1.76)

The solutions are: w = h = 0 (not convenient) and w = h = 40.
Determine whether (40, 40) is a minimum or maximum point. Write the determinant:

02 f 02 f

o°f o°f 120 — 2w — 2h —2w

owoh  Oh2

—80 —40

— ‘ A0 —80 ‘ (1.77)
Since
0% f
Di=—%=-80<0 and Dy =4800 >0

Ow?

the point (40, 40) is a maximum. From (1.72) we have: d = 120 — 40 — 40 = 40, thus the box should have the sides
equal: w = d = h = 40.

17



Chapter 1. Theory of maxima and minima

Example 1.12 Maximize

flx1,29) = —ac% — ;1:% (1.78)
subject to:
1 +xo =4 (1.79)
Figure 1.12: Mesh and contour plot of f(z1,22) = —x% — :c% and the constraint 1 +x9 —4 =0

As shown in Figure 1.12, the constrained maximum of f(x1,x2) must be located on the curve resulted as the
intersection of the function surface and the vertical plane that passes through the constraint line. In the plot showing
the level curves of f(x1,x2), the point that maximizes the function is located where the line x1 +x2+4 = 0 is tangent
to one level curve.

Analytically, this point can be determined by the method of substitution, as follows:

Solve (1.79) for xa:

To = 4 — Tl (180)
and replace it into the objective function. The new unconstrained problem is:
max (—23 — (4 — 21)?) (1.81)
x1

The stationary point of f(x1) = —23 — (4 — x1)? is calculated by letting the first derivative be zero:

—211 — 2(4 —21)(~1) =0 (1.82)

which, gives x1p = 2.
The second derivative f"(x19) = —4 is negative, thus x19 = 2 is a maximizer of f(z1). From (1.80), z20 =
4 — x10 = 2, so the solution of the constrained optimization problem is (2,2).

Example 1.13 Minimize

f(z1,22) =20 — 2122 (1.83)
subject to:
r1+x2=06 (1.84)
Substitute xo = 6 — x1 from (1.84) into (1.83) and obtain the unconstrained problem:
max 20 — x1(6 — 1) (1.85)

The stationary point is computed from the first derivative of f(x1):
f,(:(}l) =—06+4+221=0, z10=3 (1.86)

Because the second derivative f"(x10) = 2 is positive, the stationary point is a minimizer of f(x1). Because xo =
6 — x1, the point (x10 = 3, x20 = 3) minimizes the function f(xy,z2) subject to the constraint (1.84). As shown
in Figure 1.13, the minimum obtained is located on the parabola resulted as the intersection of the function surface
and the vertical plane containing the constraint line, or, in the contour plot, it is the point where the constraint line
is tangent to a level curve.
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1.3. Constrained optimization

o
3!
1.666;

[

%
R S
$1666?\N
/—61
+9
&
/f/m
<
ol
2 <&
2
)
S8 /8
B3 o
[~} Lo
S /& E
FtF

Figure 1.13: Mesh and contour plot of f(x1,2z2) = 20 — z122 and the constraint z; + 22 — 6 =0

1.3.4 Lagrange multipliers

In case the direct substitution cannot be applied, the method of Lagrange multipliers provides a strategy
for finding the minimum or maximum value of a function subject to equality constraints. The general
problem can be formulated as:

m)}n f(x) (1.87)

subject to

9i(x)=0, i=1,m (1.88)

As example, consider the problem of finding the minimum of a real-valued function f(x;, z2) subject
to the constraint g(z1, x2) = 0. Let f(z1,22) = 20 —z122 and g(z1, x2) = 1 + 22 — 6 = 0, as shown in Figure
1.14. The gradient direction of f(z1,x2) is also shown, as arrows, in the same figure.

Figure 1.14: Contour plot of f(x1,z2) = 20 — z122 and the constraint g(z1,22) =21 + 22 —6 =0

The aim of this example is to minimimze f(z1,x2), or to find the point which lies on the level curve
with the smallest possible value and which satisfies g(z1,x2) = 0, i.e. it must lie on the constraint line too.
If we are at the point (x; = 3, x2 = 3), the value of the function is f(3,3) = 11 and the constraint is satisfied.
The constraint line is tangent to the level curve at this point. If we move on the line g(z1,22) = 0 left or
right from this point, the value of the function increases. Thus, the solution of the problem is (3, 3).

In the general case, consider the point x where a level curve of a function f(x) is tangent to the con-
straint g(x). At this point, the gradient of f, V f(x), is parallel to the gradient of the constraint, Vg(x). For
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Chapter 1. Theory of maxima and minima

two vectors to be parallel, they must be multiples of each other. Thus, there is a scalar value A, so that:
Vf(x) =—-AVg(x) (1.89)
The equation (1.89), written as:
Vf(x)+ AVg(x) =0 (1.90)
will provide a necessary condition for optimization of f subject to the constraint g = 0.
The method of Lagrange multipliers in case of n independent variables and m constraints, as defined by
(1.87) and (1.88) can be generalized (Avriel, 2003), (Hiriart-Urruty, 1996).
Define the Lagrangian (or augmented) function:
Lix, ) = f(x) + \Tg(x) (1.91)

where g is a column vector function containing the m constraints g;(x), and A is a column vector m of
unknown values, called Lagrange multipliers. The function above can be written in an expanded form as:

L(Cﬂl,CL‘Q, ey Ty AT, A, >\m) = f(ﬂ?l,fbg, R l‘n) + )\1!]1(1‘1,1)2, e ,SL‘n)
+ o+ Amgm(T, T2, Ty) (1.92)
To locate the stationary points, the gradient of the Lagrangian function is set equal to zero:
VL(x,\) =V (f(x) +A\g(x)) =0 (1.93)

The necessary conditions for optimum are obtained by setting the first partial derivatives of the Lagrangian
function with respect to ;, i = 1,n and \;, j = 1,m equal to zero. There are n + m nonlinear algebraic
equations to be solved for n + m unknowns, as follows:

OLxN) _ 0IG) 5 265

Oy O 70 =0

8La(;c;)\) _ 85;:)+§;Ajagﬁ‘)—o (1.94)
aLg)\X;)\) = q(x)=0

W = gm(x)=0

Example 1.14 Find the stationary points of the function f(x1,z2) = 20—z subject to the constraint x1+x2 = 6
using the method of Lagrange multipliers.
Define the Lagrangian function:

L(l’l, Z9, )\) =20—x122 + /\(xl + 10 — 6) (1.95)
Obtain the stationary points from:

OL(zn,22) 3y (1.96)

8:61

L

OL (21,22, A) — 2 4+A=0 (1.97)

8:132
W = 21 +22-6=0 (1.98)
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1.3. Constrained optimization

From (1.96) and (1.97), x1 = x9 = A, which replaced in (1.98) gives the stationary point: x1 = 3 = x3 = A
This point is the solution of the constrained minimization problem from example 1.13, but the sufficient conditions
for constrained optimization will be discussed in the following section.

1.3.5 Sufficient conditions for constrained optimization

The sufficient conditions for minima or maxima in constrained optimization problems are completely de-
scribed and demonstrated in (Avriel, 2003) and (Hiriart-Urruty, 1996). The results in the case of equality
constraints can be summarized by the following:

Corollary (Avriel, 2003): Let f, g1, g2, ..., gm be twice continuously differentiable real-valued functions.
If there exist vectors xg € R", \g € R™, such that:

VL(X(), )\0) =0 (199)
and if
82L(x0,)\0) 82L(x0,)\0) 091 (x0) Ogm (Xo0)
0x10T1 e 0x10xp oz te o1
82§(x§,)\0) o 328L(Xg,>\0) 395(X0) o 8975(X0)
D™ 5l HE o |7 (1.100)
0, . o .
87.”.().() 87;;().() ..
gaxl 0 . % 0 e 0
forp=m+1,...,n, then f has a strict local minimum at xg, such that
gi(x0) =0, i=1,m (1.101)

The similar result for strict local maxima is obtained by changing (—1)™ in (1.100) to (—1)?, (Avriel,
2003).

For p = n, the matrix from (1.100) is the bordered Hessian matrix of the problem. The elements are in fact
the second derivatives of the Lagrangian with respect to all its n + m variables, z; and \;. The columns in
the right and the last rows can be easier recognized as second derivatives of L if we notice that:

OL(x,\) OL*(x,)\)  0gj(x)
= g = 1.102
8)\j g] (X) and OAJze al‘z ( 0 )
Because g;(x) does not depend on ), the zeros from lower-right corner or the matrix result from:
OL(x, \) OL%(x, \)
— . V- 1.1
o, gj(x) and NN 0 (1.103)

When p < n, the matrices can be obtained if the rows and columns between p+1 and n— 1 are excluded.

Example 1.15 For the problem from example 1.14, we shall prove that the stationary point is a minimum, according
to the sufficient condition defined above. The function to be minimized is f(x1,x2) = 20 — x1x2 and the constraint
g(z1,22) =21 +22—-6=0

The number of variables in this case is n = 2, the number of constraints, m = 1 and p = m + 1 = 2. The only
matrix we shall analyze is:

O?L(z1,w2,)\)  0%?L(z1,w2,)\)  O0%?L(x1,m2,\)
ox1

) 0211 281:18:52 , O\
_ 0% L(z1,x2,\) 0°L(z1,z2,\) 0*L(z1,22,\)
H; = Ox20x1 02x9 Oxo0X (1104)
62L(x1,x2,)\) 82L(501,x2,/\) 82L(x1,x2,)\)
OOz O\Oxo REDY
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Chapter 1. Theory of maxima and minima

or
82L(x1,x2,)\)

0%L(x1,22,))  Og(w1,22)

) 0%z 28:(:189:2 1
_ 0% L(z1,x2,A) 0°L(z1,x2,\) 9Og(x1,72)
H2 0z2011 0224 Ox2 (1105)
0g(z1,22) 0g(z1,%2) 0
89c1 8372

Using the results we have obtained in the example 1.14, the second derivatives of the Lagrangian function are:

82L(x1, 9, /\) 0 .
T m om0
0?L(z1, 79, \) 0
—82952 = 87;[;2(_:1;1 + )\) =0
62L(x1 T2 )\) 8
— T = (= A)=-1 1.1
8ZE18$2 6952( x2+ ) ( 06)
0g(x1,22) _ 0 _
By = By (x1+29—6) =1
dg(w1,22) 0 B
sz = 87@(.'['1 + x2 6) =
and the bordered Hessian:
0o -1 1
Ho=| -1 0 1 (1.107)
1 1 0
The relation (1.100) is written as:
0o -1 1
(D' -1 0 1|=(-1)(-2)=2>0 (1.108)
1 1 0

thus, the stationary point (3, 3) is a minimizer of the function f subject to the constraint g = 0.

Example 1.16 Find the highest and lowest points on the surface f(x1,x2) = x122 + 25 over the circle 23 +x3 = 18.

Figure 1.15 shows a graphical representation of the problem. The constraint on x1 and xo places the variables
on the circle with the center in the origin and with a radius equal to \/18. On this circle, the values of the function
f(z1,z2) are located on the curve shown in Figure 1.15 on the mesh plot. It is clear from the picture that there are
two maxima and two minima that will be determined using the method of Lagrange multipliers.

X,
2
[ N
la & w N kO kN @

Figure 1.15: Mesh and contour plot of f(z1,z2) = 25 + x122 and the constraint 2+ 13 =18

The problem may be reformulated as: optimize f(x1,x2) = x122 + 25 subject to the constraint g(xq,x2) =
2 2
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1.3. Constrained optimization

Write the Lagrange function:
L(x1, 22, \) = x129 + 25 4+ (2% + 23 — 18) (1.109)

Compute the first partial derivatives of L and set them equal to zero:

LIl = x9+2)x1 =0
Ly, = 214 2\23=0 (1.110)
Ly = 234+25-18=0
There are four stationary points:
1
Tio = =3, =3, A=3
1
r10 — 3, o0 = —3, )\0 = 5 (1111)
1
Ti0 = 3, w0 =3, Ao=—3
1
T = =3, T0=-3, =3
Build the bordered Hessian matrix and check the sufficient conditions for maxima and minima.
Lyiwy Lzize 9ay 22 1 2x
Ho=| Lyzs Layzy Gan | = 1 2\ 29 (1.112)
9z Gxo 0 21 2x9 0

Because the number of constraints is m = 1, the number of variables is n = 2 and p = 2, the sufficient condition
for a stationary point to be a minimizer of f subject to g = 0 is:

(—1)'det(Hz) > 0 or det(Hz) <0 (1.113)

and for a maximizer:
(—1)%det(Hz) > 0 or det(Hz) >0 (1.114)

For all points (x10, x20, Ao) given in (1.111) compute det(Hs) and obtain:

. 1 1 -6
(-3,3,5): det(Hz)=| 1 1 6 |=-144<0 (1.115)
—6 6 0
. 1 1 6
(8.-3,3): det(Hz)=|1 1 —6|=-144<0 (1.116)
6 —6 0
. -1 1 6
(8.3.—3): det(Hz)=| 1 —1 6|=144>0 (1.117)
6 6 0
) ~1 1 —6
(-3,-3,—3): det(Hz)=| 1 —1 —6|=144>0 (1.118)
—6 —6 0

Thus, the function f subject to g = 0 has two minima at (3, —3, 1) and (=3, 3, 1), and two maxima at (3,3, —%)
and (—3,-3,-3).
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Chapter 1. Theory of maxima and minima

AN

Figure 1.16: The sphere 22 + y* + 2? = 4 and the point P

Example 1.17 Find the point on the sphere 2% + y* + 2% = 4 closest to the point P(3,4,0) (Figure 1.16).
We shall find the point (x,y, z) that minimizes the distance between P and the sphere. In a 3-dimensional space,
the distance between any point (z,y, z) and P(3,4,0) is given by:

D(z,y,2) = /(x —3)% + (y — 4)> + 22 (1.119)

Since the point (z,y, ) must be located on the sphere, the variables are constrained by the equation x> +y? + 2% = 4.
The calculus will be easier if instead of (1.119) we minimize the function under the square root. The problem to be
solved is then:

min(z —3)° + (y —4)* + 2° (1.120)
subject to:
glw,y,2) =a? +y* + 22 —4=0 (1.121)
Write the Lagrangian function first:
L(z,y,2,0) = (z = 3)% + (y — 4> + 22 + Ma? + 9% + 22 —4) (1.122)

and set the partial derivatives equal to zero to compute the stationary points:

L, = 2x—6+2\x=0

2y —8+2Xy=0 (1.123)
224+2Xz2=0

Ly = 224+ +2°-4=0

&~
] <
I

The system (1.123) has two solutions:

6 8 3
: = — = — e = — 1.124
(S1): o £ YI0= 5 210 0, Ao 5 ( )
and 6 g .
R AR _ T 112
(S2) : 10 5> Y10 £ A0 0, Ao 5 (1.125)

It is clear from Figure 1.16 that we must find a minimum and a maximum distance between the point P and the
sphere, thus the sufficient conditions for maximum or minimum have to be checked.
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1.3. Constrained optimization

The number of variables is n = 3, the number of constraints m = 1 and p from (1.100) has two values: p = 2, 3.

We must analyze the sign of the determinants for the following matrices:
Forp=2:

me ny ka sz L:L‘y gz

Hoo = | Loy Lyy Lyx | = | Lay Lyy gy

Ly Lyx Ly | | 9z gy O

Forp = 3:

Ly Lmy Ly, Lz ] [ Ly Lmy L. 9z
Hos — Lay Lyy Lyz Lyx | _ | Lay Ly Lyz gy
L:rz Lyz Lzz Lz)\ Lmz Lyz Lzz 9z
Ly Lyy L.y Ly | L 9= 9y 9- O

The sufficient conditions for minimum in this case are written as:
(—1)1det(H22) > 07 and (—1)1d6t(H23) >0
and the sufficient conditions for maximum:

(—1)2d€t(H22) > 0, and (—1)3d6t(H23) >0

The second derivatives of the Lagrangian function with respect to all its variables are:

Loz = 242\, Ly =2+2\ L..=2+2)
L:By = 07 L:Bz = 0; L:r)\ =0z = 2x
Ly, = 0, Lyx=gy,=2y, L.»=g9.=2z

From (1.126) and (1.127) we obtain:

242X 0 2z

H22 = 0 2 + 2\ 2y

2x 2y 0
242X\ 0 0 2x
Hon — 0 242X 0 2y
2= 0 0 242X\ 2z
2x 2y 2z 0

For the first stationary point, (S1), the determinants of Hao and Hag are:

12

5 0 2
detHyo =| 0 5 10| =-80

12 16

5 5

5 0 0 2
detHzg —| 0 5 05 | yp0
B0 0 5 0|7

12 16

21 9 0

The point (£, 8,0) is then a minimizer of the problem because:
(—1)'det(Haz) = 80 > 0, and (—1)'det(Ha3) = 400 > 0
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Chapter 1. Theory of maxima and minima

For the second stationary point, (Sz2), the determinants are:

—
[\

-5 0 -F
detHay = 0 -5 -1 |=8Q0, (1.136)
_12 16
5 5
-5 0 0 -2
detHas = 0 =5 0 =9 |_ —400 (1.137)
710 0o -5 0 | '
= B
The point (—2,—3,0) is a maximizer of the problem because:
(—1)?det(Haz) = 80 > 0, and (—1)*det(Haz) = 400 > 0 (1.138)
The point on the sphere closest to P is: (£, 2,0).
Example 1.18 Find the extrema of the function:
fle,y,2)=x+2y+ 2 (1.139)
subject to:
g(z,y,2) = 224+ +22-1=0 (1.140)
g2z, y,2) = x4+y+2z—-1=0 (1.141)

In this case we have two constraints and 3 variables. Two new unknowns will be introduced and the Lagrange

function is written as:

L(z,y, 2, 0, ) =24+ 2y + 2+ M2+ 2+ 22— 1)+ oz +y+2-1) (1.142)
The stationary points are computed from:
L, = 142Mz+X=0
Ly = 2—1—2)\1y+)\2 =0
L, = 142Mz+X=0 (1143)
Ly, = 22 +¢y*+22-1=0
Ly, = z4+y+2—-1=0
The solutions of (1.143) are:
(S1): 20=0, yo=1, 20=0, A\o=—3, Ago=—1 (1.144)
(S2): wo=3%, yo=—3%, 20=3, Ao=135, Apo=—3 (1.145)
The number p from (1.100) is 3 in this case, therefore we have to analyze the sign of the determinant:
Ly L;Ey Ly 912 9oz 2\ 0 0 2z 1
ny Lyy Lyz g1y 92y 0 2)\1 0 2y 1
detHy = | Ly, Ly. L.. g1 go- |=| 0 0 2\ 2z 1 (1.146)
J1iz 91y 912 0 0 2 2y 2z 0 O
920 92y 92 O 0 1 1 1 0 0
The necessary condition for minimum (when m = 2 and p = 3) is:
(—1)*detHz > 0 or detHz > 0 (1.147)
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1.3. Constrained optimization

and for maximum:

(=1)3detHz > 0 or detHz < 0 (1.148)
For (S1):
-1 0 0 01
0O -1 0 21
detHp=| 0 0 -1 0 1 |=-8<0 (1.149)
0 2 0 0O
1 1 1 00
thus, the point (xo =0, yo = 1, 20 = 0) is a maximizer of f subject to g1 = 0 and g2 = 0.

For (Ss):

1 0 0 3 1
0 1 0 -2 1
detHy=| 0 0 1 3 1|=8>0 (1.150)
4 2 4
30 -3 3 00
1 1 1 0 O
thus, the point (xo = %, Yo = —%, zZ0 = %) minimizes f subject to g1 = 0 and g = 0.

1.3.6 Karush-Kuhn-Tucker conditions

The Karush-Kuhn-Tucker (KKT) conditions are an extension of the Lagrangian theory to include nonlinear
optimization problems with inequality constraints.

If x is a vector of n variables, x = [z z3 ... x,]7 and f a nonlinear real-valued function, f : R® — R,
consider the constrained minimization problem:
(P) : min f(x) (1.151)
subject to
gi(x) = 0, i=1m (1.152)
hi(x) < 0, j=Tp (1.153)

where f, g;, h; are twice differentiable real-valued functions.
The Lagrangian function is written as:

Lx, A p) = fx)+ > Ngi(x) + > pih;(x)
i=1 j=1

= f(x)+A\"g(x) + ¢ h(x) (1.154)
where:
e A=\ A ... MpJTandpu= [ p2 ... pp)T are vector multipliers,
e g=[01(x) 92(x) ... gm(x)]T and h = [hy(x) h2(x) ... hy(x)]? are vector functions.

The necessary conditions for a point xg to be a local minimizer of f are:

Vf(xo) + 22181 AiVgi(xo) + 3281 1 Vhj(xo) (1.155)
gilx0) =0, i=T,m (1.156)

hi(xo) <0, j=1,p (1.157)

pihi(x0) =0, j=1,p (1.158)

nj=0, j=Tp (1.159)

Ai, unrestricted insign, i =1,m (1.160)
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The relations (1.155) - (1.160) are called the Karush-Kuhn-Tucker conditions, (Boyd and Vandenberghe,
2004). For any optimization problem with differentiable objective and constraint functions, any optimal
points must satisfy the KKT conditions.

e The first condition (1.155) is a system of n nonlinear equations with n + m + p unknowns, obtained
by setting equal to zero all the partial derivatives of the Lagrangian with respect to 1, 2, ... x,,
i.e. VL(xg, A\, ) = 0.

e The following two conditions (1.156, 1.157), are the inequality and equality constraints which must
be satisfied by the minimizer of the constrained problem, and are called the feasibility conditions.

o The relation (1.158) is called the complementary slackness equation

e The relation (1.159) is the non-negativity condition for the  multipliers.

The KKT conditions are necessary conditions for optimum, they are means to verify solutions. Not all the
points that satisfy (1.155)-(1.160) are optimal points. On the other hand, a point is not optimal if the KKT
conditions are not satisfied.

If the objective and inequality constraint functions (f and h;) are convex and g; are affine, the KKT
conditions are also sufficient for a minimum point.

A function h; is affine if it has the form:

hj = Ayx1 +Asao + ... Ay, + 0 (1161)

In a few cases, it is possible to solve the KKT conditions (and therefore, the optimization problem)
analytically. but the sufficient conditions are difficult to verify.

Example 1.19 Minimize

f(zy,z9) = e73%1 4 o202 (1.162)
subject to:
1+ 20 <2 (1163)
x1 >0 (1.164)
x2 >0 (1.165)

The constraints are re-written in the standard form:

r1+ 220 —2<0 (1.166)
—r1 <0 (1.167)
—29 <0 (1.168)

The Lagrangian of the problem is written as:

L(-Tl,.ﬁl?g,,ul, MZ?,UE") = €_3x1 + €_2x2 + ,Ul(fl?l +x9 — 2) +
+  p2(=z1) + p3(—z2) (1.169)

and the KKT conditions are:

oL
— = —36_3$1 4+ @1 — p = 0 (1170)

6301

L
oL = 272" 4y — 3 =0 (1.171)

6902
iz + a2 —2) =0 (1.172)
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p2(—21) =0 (1.173)
p3(—x2) =0 (1.174)
>0 (1.175)
f2 >0 (1.176)
13 >0 (1.177)

First we may notice that x1 > 0 and xo > 0, thus they can be either zero, or strictly positive. Therefore, we have
four cases:

1.) 1 =0, 25 = 0 The relations (1.170), (1.171), (1.172) become:

34y —pp =0 (1.178)
24y — p3 =0 (1.179)
1(=2) =0 (1.180)

and p1 = 0, po = —3, ug = —2. The conditions (1.176) (1.177) are violated so x1 = x2 = 0 is not a solution
of the problem.

2)) 1 =0, 29 > 0 Because x5 is strictly positive, from (1.174) we obtain 3 = 0, and the relations (1.170), (1.171),
(1.172) are recalculated:

3+ pu1—p2=0 (1.181)
—2e7%%2 4y =0 (1.182)
M1 (.CL‘Q - 2) =0 (1183)

From (1.182) we obtain p; = 2e~2%2 # 0 so the relation (1.183) is satisfied only for xo = 2. Then p; = 2¢ 4,
From (1.181) we obtain: pio = —3 + 2e~* < 0 and the constraint (1.176) is not satisfied.

This case will not give a solution of the problem.

3.) x1 > 0, 2 = 0 Because x; is strictly positive, from (1.173) we obtain ps = 0, and the relations (1.170), (1.171),
(1.172) are recalculated:

—3e73% 4 =0 (1.184)
pi(z1 —2) =0 (1.186)

From (1.184) we obtain j1; = 3e~3%2 = 0 so the relation (1.186) is satisfied only for x1 = 2. Then 1 = 3e~5.
From (1.185) we obtain: uz = —2 + 3e~® < 0 and the constraint (1.177) is not satisfied.

This situation is not a solution of the problem either.

4.) x1 > 0, 29 > 0 Since x1 and x5 cannot be zero, from (1.173) and (1.174) we obtain: j1o = 0 and pz = 0.
The relations (1.170), (1.171), (1.172) become:

—3e73 4y =0 (1.187)
—2e72%2 4y =0 (1.188)
11 (:pl +x9—2)=0 (1.189)

The value of pu1 cannot be zero because this would make zero the exponentials from (1.187) and (1.188) which
isnot valid. Then x1 +x9 —2=0,0r 9 = 2 — x1.
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Chapter 1. Theory of maxima and minima

From (1.187) and (1.188) we obtain:

[ = 33T = 27202 (1.190)
and then:
3e7371 = 2¢722771) o eTHTIH = ; (1.191)
The solution is: . 5
m=c(4-n3) =088, m=2-mn=111 (1.192)

and pp = 0.21 > 0.

The necessary conditions for the point (0.88, 1.11) to be a minimizer of the constrained optimization problem
are satisfied.

The contour plot of f and the linear constraint are shown in Figure 1.17. The constraint x1 +xo = 2 is tangent
to a level curve at the point P(0.88, 1.11) thus it is the global minimizer of f subject to the constraints.
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Figure 1.17: Contour plot of f and the constraint 1 + 22 —2 =0

1.4 Exercises

1. Locate the stationary points of the following functions and determine their character:
a) f(x)=2"
b) f(z) =8z —x/4
o f(z) =50—6x+23/18

2. Consider the functions f : R? — R:

a) f(z1,x2) = z122
)

b) f(z1,72) = 21/2+ 23 — 371 + 229 — 5
o f(w1,79) = —2% + 23 + 621 — 1229 + 5
d) f(x1,20) = da129 — ar:‘l1 — x%

x%Jrac%
e) f(z1,22) = —x129€ 2

Compute the stationary points and determine their character using the second derivative test.

30



1.4. Exercises

3. Find the global minimum of the function:
Flwr,w2) = (11 = 2)* + (22 — 1)°

in the region

4. Find the extrema of the function f : R? — R:

flxy,x9,23) = 256% + 356% + 456% — 4y — 1229 — 1623

5. Use the method of substitution to solve the constrained-optimization problem:

min (I% + 23 — 49)
(z1,22)

subject to
r1+3x9—10=0

6. Use the method of Lagrange multipliers to find the maximum and minimum values of f subject to
the given constraints

a) f(w1,29) = 3wy — 229, 2% + 223 = 44
b) f(x1,72,23) = x% — 2x9 +2x§, 1;% +x% +x§ =1

o f(z1,22) =23 — 2%, 22 +23=1

7. Minimize the surface of a cylinder with a given volume.
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Chapter 1. Theory of maxima and minima
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